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We characterize the Majorana zero modes in topological superconducting wires with spin-orbit coupling and
magnetic field, in terms of the spherical angles of their spin orientation, ϕ, θ and a phase δ, and analyze their
transformation under SU(2) rotations. We show that, when the spin-orbit coupling and the magnetic field are
perpendicular, ϕ and δ are universal in an appropriate coordinate system. We use these geometric properties
to explain the behavior of the Josephson current in junctions of two wires with different orientations of the
magnetic field and/or the spin-orbit coupling. We show how to extract from there, the angle θ, hence providing
a full description of the Majorana modes.
Introduction. Topological superconductors host Majorana
zero modes (MZMs) localized at the edges of the system[1, 2].
A significant effort is invested in the detection and manipula-
tion of these states, because of their potential application for
implementing topological quantum computation[3, 4]. Quan-
tum wires with spin-orbit coupling (SOC), proximity-induced
s-wave superconductivity and a magnetic field having a com-
ponent perpendicular to the direction of the SOC [5, 6], are
one of the most prominent systems. Several experimental
works investigated realizations of this platform for topolog-
ical superconductivity in wires of InAs [7–12].
The existence of MZMs leads to signatures in the behavior
of the Josephson current. In the ac case, the periodicity as a
function of the phase bias φ is 4π, in contrast to the 2π one of
the ordinary superconductors. This feature is common to the
non-time reversal invariant, [1, 13–36] and time time-reversal
invariant [37–48] families.
In the topological superconducting phase of the quantum
wires proposed in Refs. [5, 6] the zero modes have a non-
trivial spin texture [49–51]. A naive expectation suggests
MZMs polarized at both ends of the wire along a direction
determined by the magnetic field and the SOC. The explicit
calculation of the spin density from the exact solution of the
model Hamiltonian shows that the zero modes also have mag-
netization components perpendicular to the magnetic field and
the spin-orbit axis. Remarkably, for perpendicular magnetic
field and SOC, the components of the spin polarization per-
pendicular to the magnetic field are also perpendicular to the
SOC and have opposite signs at the two ends of the wire
[5, 49].
In the present work we characterize the MZMs by their spin
polarization, described by the spherical angles ϕ, θ, and a
phase δ, and we analyze their transformation under rotations
of the coordinate frame. We focus on the model introduced
in Refs. [5, 6] and we show that, when the magnetic field
and the SOC are perpendicular, there exist an ”easy coordi-
nate frame” where ϕ and δ are universal and can be exactly
calculated by means of symmetry arguments, up to a sign
that can be obtained from the solution in particular limits.
We present a low-energy effective Hamiltonian to describe the
MZMs in Josephson junctions and show that the angle θ can
be inferred from the behavior of the Josephson current in suit-
able designed junctions. Hence, the combination of geometric
properties along with the information of the Josephson current
enables a full tomography of the MZMs.
Model for the wires. We consider a lattice version of the
model for topological superconducting wires introduced in
Refs. [5, 6], with arbitrary orientations of the magnetic field
and SOC. The corresponding Hamiltonian is Hw = H0 + H∆,
with
H0 =
∑
ℓ
c
†
ℓ
(
−t σ0 − i~λ · ~σ
)
cℓ+1 + H.c. (1)
−
∑
ℓ
c
†
ℓ
(
~B · ~σ + µσ0
)
cℓ, H∆ = ∆
∑
ℓ
c
†
ℓ↑c
†
ℓ↓ + H.c.,
where ℓ labels sites of a 1D lattice and cℓ = (cℓ↑, cℓ↓)T .
~B = B~nB and ~λ = λ~nλ, with B, λ ≥ 0 are the magnetic field
and the SOC oriented along the spacial directions ~nB and ~nλ,
respectively. The components of the vector ~σ =
(
σx, σy, σz
)
are the Pauli matrices and σ0 is the 2×2 unitary matrix. This
model has a topological phase provided that ~nλ has a non-
vanishing component perpendicular to the direction ~nB. The
evaluation of topological invariants [52, 53], leads to the fol-
lowing analytical expressions for the boundaries
|2|t| − r| < |µ| < |2|t| + r|, B |~nλ · ~nB| < |∆| < B. (2)
with r =
√
B2 − ∆2.
Geometric properties of the MZMs. The MZMs of the Hamil-
tonian of Eq. (1) can be written as
ην = γν
† + γν, (3)
where ν = L,R denotes the left and right end of the wires,
respectively. We assume that the spin of γ†ν (for simplicty de-
noted in what follows as the spin of ην), is oriented along a
direction ~nν = (cos θν sin ϕν, cos θν cosϕν, sin θν). Including a
2phase δν, which is defined mod(π), the general structure of the
fermion determining a given MZM is
γ†ν = e
iδν
[
cos(θν/2)c
†
ν↑ + e
iϕν sin(θν/2)c
†
ν↓
]
. (4)
Here, c†νs are fermionic creation operators associated to the
basis of Hw, acting at the ends of the wire. It is important to
notice that, not only the angles θν and ϕν, but also the phase
δν depend on the choice of the reference frame. The change in
the coordinates of ~nν under a rotation of the coordinate system
is a routine exercise. However, the corresponding change of δν
is less usual and is explained in detail in the SM [54]. There,
it is also explicitly shown that under a change of frame, there
exists a function ξL,R
(
~nL, ~nR
) ≡ ξL − ξR, which depends on ~nν
but not on δν – see Eq. (S5) in the SM – such that the quantity
δL,R = δL − δR − ξL,R
(
~nL, ~nR
)
mod(π), (5)
is invariant under rotations. The SU(2) invariance of δL,R is ex-
pected since it appears in the evaluation of expectation values
of observables, in particular, the Josephson current through
the closing contact of a ring formed with the wire, which is
threaded by a magnetic flux. In addition, the scalar product
of the two unit vectors, ~nL · ~nR, is also an SU(2)-invariant,
which defines the relative tilt of the spin orientation of the two
MZMs.
Symmetry-imposed properties of the MZMs of a wire. On the
basis of simple symmetry arguments, it is possible to infer
some important properties of the angles θν, ϕν, and the phases
δν that characterize the MZMs. As mentioned before, all these
parameters depend on the reference frame. Here, we discuss
properties that hold for some convenient choices. Results in
any other reference frame can be obtained by a suitable rota-
tion of the coordinate system.
We start by noticing that when ~nλ · ~y = ~nB · ~y = 0, the Hamil-
tonian is invariant under inversion (defined by the transfor-
mation ℓ ↔ N − ℓ, for a chain with N sites) and complex
conjugation, implying
δR = −δL, θR = θL = θ ϕR = −ϕL. (6)
For ~nλ · ~nB = 0 and ~nB||~z the Hamiltonian is invariant under
inversion and simultaneous change in the sign of λ. The lat-
ter change of sign can be absorbed in a gauge transformation
c˜
†
ℓ↑ = ic
†
ℓ↑, c˜
†
ℓ↓ = −ic†ℓ↓. Therefore the MZM for ν = R, has
the same form as the one for ν = L, replacing the operators
c
†
ℓσ
at the left end by the c˜†
ℓσ
at the right. This implies that in
this frame the angles and phases defining the zero modes are
related as
δR = δL ±
π
2
, θR = θL = θ, ϕR = ϕL + π. (7)
This means that the components of the spin perpendicular to
the magnetic field are opposite at both ends of the chain. The
latter property does not depend on the choice of the reference
frame, since the relative tilt of the spin orientations is invari-
ant under rotations, as mentioned before. Hence, the present
symmetry arguments lead to the same result of the explicit
calculation of the wave function [49, 51]. Furthermore, com-
bining with the condition of Eq. (6), we get for ~nB||~z and ~nλ||~x
δR = −δL = ±π/4, ϕR = −ϕL = ±π/2, θR = θL = θ. (8)
In order to conclude the full characterization of the MZMs of
Eq. (1) for ~nλ · ~nB = 0 we still need to define the signs in
Eq. (8) and find the relation between θν and the parameters of
the Hamiltonian of Eq. (1). It is not simple to get analytical
expressions in general. In what follows we present results for
the case of B≫ λ, |∆|, which will lead to the exact values of ϕν
and δν in all the parameter space. In the SM [54], we show that
they coincide with the values for these parameters obtained
from the calculation of the continuum version of the model
in Ref. [5] in the limit of dominant SOC of the topological
phase.
Limit of dominant magnetic field. This limit is intuitively re-
lated to Kitaev’s model. Albeit, it is important to recall that
the nature of the MZMs in the present case is quite differ-
ent. In fact, they are not fully polarized in the direction of the
magnetic field, but are tilted in opposite directions at the two
edges, as concluded after Eq. (7).
Our aim now is to explicitly calculate all the angles and phases
of the two MZMs as functions of the Hamiltonian param-
eters λ,∆, B, µ when B dominates, in the coordinate frame
with ~nB ≡ ~z and ~nλ ≡ ~x. To this end, it is useful to rewrite
the Hamiltonian Hw of the wires in the basis that diagonal-
izes H0 in Eq. (1). This corresponds to introducing the uni-
tary transformation in reciprocal space dk+ = ukck↑ + vkck↓,
dk− = −vkck↑ + ukck↓, being uk, vk/sgn(λk) =
√
(1 ± B/rk)/2,
with rk =
√
λ2
k
+ B2, and λk = 2λ sin k. The Hamiltonian in
the transformed basis reads
H =
∑
k,s=+,−
(
εk,s d
†
ks
dks + ∆
T
k d
†
ks
d
†
−ks
)
+ ∆Sk
∑
k
d
†
k+
d
†
−k− + H.c.
(9)
being εk,s = ξk ∓ rk with ξk = −2t cos k − µ. The effective
pairing interaction contains two components, a triplet pairing
potential with p-wave symmetry – notice that λk is an odd
function of k – ∆T
k
= −λk∆/rk and a singlet one, ∆Sk = B∆/rk.
For B≫ ∆ ≫ λ, the transformed model can be solved analyt-
ically with the method of Alase et al. [55–58] (see SM [54],
for details). For t,∆ > 0, and µ = −B,∆, the results are
δL = −δR =
π
4
, ϕL = −ϕR = −
π
2
, (10)
θ ∼ ∆
B +
√
(B2 − t2)
+ O(
λ
B
), ~nB = ~z, ~nλ = ~x,
While Eq. (8) gives the values of δν and ϕν up to a sign, Eq.
(10) gives their exact values. Although the calculation was
done for dominant magnetic field, this result should be valid
for continuity in all the topological phase with t,∆ > 0, µ < 0.
The corresponding values for the opposite signs and orienta-
tions of these parameters can be deduced by means of sym-
metry arguments [59].
3Hence, the previous results and appropriate SU(2) rotations
permit to obtain exactly δν and ϕν in any coordinate system for
any value of the parameters of Eq. (1) with ~nλ · ~nB = 0, while
θ needs an explicit calculation. Our goal now is to show that
this angle can be inferred from the behavior of the Josephson
current in suitably designed junctions.
Josephson current. In order to calculate the Josephson current
we consider two wires w1 and w2 with different phases φ1, φ2
of the pairing potentials, related as φ1 − φ2 = φ and connected
by a tunneling term, as indicated in the sketches of Figs. 2
and 3. Gauging out the dependence on φ in the operators of
the wires, the Hamiltonian for the full system reads H(φ) =
Hw1 + Hw2 + Hc(φ), where Hw1, Hw2 have the same structure
as in Eq. (1). The connecting term reads
Hc(φ) = tc
∑
σ=↑,↓
(
eiφ/2c
†
1,σ
c2,σ + H.c.
)
, (11)
with 1 and 2 denoting, respectively, the site at the right/left
end of w1/w2. We can calculate the current numerically as
described in the SM [54]. In the topological phase, however, a
simple description based on the coupling of the MZMs accu-
rately explains the Andreev spectrum and the Josephson cur-
rent. This is because, in a topological junction, Andreev states
are formed from the hybridization of the MZMs [19, 41, 45].
FIG. 1. (a) Reference frame with ~z′ along the polarization of the
MZM of w2. (b) Spin polarizations of the MZMs of the two wires.
(c) Reference frame of Hwj, j = 1, 2 (laboratory frame).
In what follows we derive the low-energy effective Hamilto-
nian Heff that describes the hybridization of the MZMs. Im-
portantly, we consider different magnetic fields and SOC ori-
entations in the two wires. Heff takes a particularly simple
form if the quantization axis is chosen in the direction of spin
orientation of one of the MZMs, which we choose to be ~n2.
In the basis where ~n2 ≡ ~z′ –see Fig. 1 (a)– the spin down
operators of the sites nearest to the junction contribute only
at high energies, while the low-energy component is precisely
the contribution of the MZM. Concretely, the low-energy pro-
jections of the operators at the ends of the wires are
c′1↑ ≃
a1
2
eiδ
′
1 cos
(
θ′1
2
)
η1, c
′
2↑ ≃
a2
2
eiδ
′
2η2, (12)
where θ′1 is the angle between ~n1 and ~n2 –see Fig. 1 (b)–
and δ′
1
, δ′
2
are the corresponding phases. ai are real numbers,
a2
i
≤ 1 being the weight of the MZMs on the corresponding
site at the boundary of each chain. Replacing in Eq. (S47) we
obtain
Heff(φ) =
tJ(θ
′
1)
2
sin
(
φ
2
+ δ′2 − δ′1
)
iη1η2, (13)
tJ(θ
′
1) = tca1a2 cos
(
θ′
1
2
)
, (14)
which is solved by defining a fermion d = (η1 + iη2)/2 [4],
leading to iη1η2 = 2d
†d − 1. The ground-state energy is
Eeff(φ) = −
1
2
|tJ(θ′1)|
∣∣∣∣∣∣sin
(
φ′
2
)∣∣∣∣∣∣ , (15)
where φ′ = φ + 2
(
δ′2 − δ′1
)
. The Josephson current is
Jeff(φ) =
2e
~
dEeff(φ)
dφ
= −e|tJ(θ
′
1)|
2~
cos
(
φ′
2
)
sgn
{
sin
(
φ′
2
)}
.
(16)
Performing the rotation sketched in Fig. 1 (a) (see SM [54] for
details), we can express this current in terms of the parameters
defined in the original frame through
φ′ = φ + 2
(
δ2 − δ1 − ξ1,2
)
, (17)
where
ξ1,2 = arctan
 sin (ϕ1 − ϕ2)
cos (ϕ1 − ϕ2) + cot
(
θ1
2
)
cot
(
θ2
2
)
 . (18)
We would like to stress that all the quantities that determine
the behavior of the Josephson current are SU(2)-invariant, as
explicitly shown in Ref. [54]. In particular, δ2 − δ1 − ξ1,2 is
the invariant akin to Eq. (5). In addition the angle θ′
1
does not
depend on the reference frame.
The Josephson current of Eq. (16) has a jump at φ′ = 0 as a
consequence of the crossing of levels with different fermion
parity. If parity is conserved, the typical 4π-periodicity of
topological junctions is obtained. In the case of junctions of
wires with the same orientation of the magnetic field and SOC,
δ1−δ2 = ±π, as given by Eq. (7), and the jump occurs at φ = π.
However, in junctions of wires having different orientations of
~nB and ~nλ, this may take place at other values of φ. In what
follows, we analyze Josephson junctions of wires with differ-
ent configurations of these vectors with the aim of using the
behavior of the Josephson current to extract information of the
MZMs.
Junctions with tilt in the SOC. We consider the same orien-
tation of the magnetic field in both wires, but a tilt βλ in the
orientation the SOC, i.e. ~nλ,1 · ~nλ,2 = cos βλ. This can be
realized with a junction where the wires are placed on the su-
perconducting substrate forming an angle βλ, as in the sketch
of Fig. 2, where we also indicate the coordinate system with
~nB||~z and ~nλ,2||~x. We focus on ∆ > 0, µ < 0, in which case Eqs.
(10) give δ2 and ϕ2, while δ1 and ϕ1 can be be also derived
from these Eqs. by performing a rotation of βλ around ~z. This
leads to θ1 = θ2 = θ, ϕ1 −ϕ2 = π−βλ and δ1 = δ2+ (π+βλ)/2.
4Replacing in Eqs. (17) and (S5) we obtain
φ′ = φ − π − βλ + 2 arctan
 sin (βλ)
cos (βλ) − cot2
(
θ
2
)
 . (19)
Therefore, from the position of the jump in the current as a
function of the flux it is possible to extract the angle θ be-
tween the polarization of the MZMs with respect to ~nB, which
completes the description of the MZMs. In Fig. 2, we show
results calculated with Heff, and by exact diagonalization of
the full Hamiltonian H(φ) (see Ref [54] for technical details).
Both calculations are in excellent agreement.
FIG. 2. Josephson current as a function of the flux for several values
of the angle βλ between the orientation of the SOC in the two wires,
keeping ~nB · ~nλ = 0 in both wires. Solid lines: numerical results.
Symbols: result using Heff . Parameters are t = 1, B = 4, λ = 2,
∆ = 2 and µ = −3.
Junctions with tilt in the magnetic field. We now focus on
the case where the SOC is equally oriented in the two wires,
~nλ,1 = ~nλ,2 = ~x, while the orientation of the magnetic field ~nB,1
is tilted by an angle βB with respect to ~nB,2||~z. We start with the
case ~nλ, j · ~nB, j = 0, j = 1, 2, which can be realized in the two
configurations sketched in Fig. 3. As before, for ∆ > 0, µ < 0,
Eqs. (10) give us the values of δ2 and ϕ2. On the other hand,
the corresponding values of δ1 and ϕ1 can also be obtained
from these Eqs. by performing a rotation of angle βB around
~x. These are δ1 = −π/4 and ϕ1 = (π/2)sgn[sin (θ2 − βB)] and
θ1 = θ2 − βB. Hence, the Josephson current is given by Eq.
(16) with φ′ = φ−π. Therefore, the shape of the function J(φ)
is the same for all values of βB, displaying a jump at φ = π.
However, the magnitude of the current depends on the angles
θ2 and βB according to Eq. (14), with θ
′
1 = 2θ2 − βB. This
is illustrated in Fig. 3 and has a simple interpretation. For
βB = 0, ~n1 and ~n2 have the same z component, θ1 = θ2, zero x
component and opposite y components [see Eqs. (7) and (10)].
Rotating ~nB,1 around the x axis, ~n1 is moved towards ~n2 and
both vectors coincide when βB = 2θ2. This angle corresponds
to the maximum of tJ(θ
′
1), hence, the maximum of J(φ) at
fixed φ. In addition, for fixed fermion parity, the Josephson
current is 4π-periodic in βB[20].
FIG. 3. (a) Configurations of wires corresponding to wires with a
tilt βB in the orientation of the magnetic field with ~nB · ~nλ = 0. (b)
Amplitude of the Josephson current tJ as a function of βB for ~nB ·~nλ =
0. (c) Josephson current as a function of φ for an angle βB between
~nB and ~nλ. Solid lines: numerical results. Symbols: result using Heff .
Parameters are t = 1, B = 4, λ = 2, ∆ = 2 and µ = −3
When the magnetic field is tilted in such a way that there is
a finite component along the direction of the SOC there is no
simple analytical expression relating the tilt in the magnetic
field and the orientation of the spin of the MZMs and we must
rely on the full expressions given by Eqs. Eq. (16), (17) and
(S5). The Josephson current presents jumps at φ , π as in the
case of wires with tilted SOC analyzed previously. It is found
again an excellent agreement between the description in terms
of the effective Hamiltonian Heff(φ) and the numerical solu-
tion of the exact Hamiltonian (see Ref. [54] for details). For
small angle between ~nλ,1 and ~nB,1, the topological phase is lost
in w1, as predicted by the boundary of Eq. (2). In such a case,
Heff(φ) is no longer useful to calculate the Josephson current.
The numerical solution of H(φ) shows a smooth behavior of
J(φ), typical of ordinary superconductors with small ampli-
tude, with the peculiarity of having a non-vanishing current in
absence of a flux, similar to that reported in Ref. [60].
Conclusions. We have characterized the MZMs of topological
superconducting wires with SOC and magnetic field in terms
of their spin orientation (ϕ, θ) and the phase δ. We have ana-
lytically calculated ϕ, θ for some convenient reference frame
when ~nB · ~nλ = 0. We have also derived the transformation
of these quantities under changes of the reference frame. We
used these results to derive exact expressions for the Joseph-
son current in wires having relative tilts in the orientations of
the SOC andmagnetic fields. We showed that for suitable con-
5figurations of the junctions, the Josephson current provides the
necessary information to fully reconstruct the structure of the
MZMs. These results may be useful in the experimental char-
acterization of MZMs through the behavior of the Josephson
current [12].
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Supplemental Material: Tomography of zero-energy end modes in topological superconducting
wires
CHANGE OF REFERENCE FRAME
General case
The spin of the fermionic creation operators defined in Eq. (4) of the main text is expressed in a given reference frame O,
determined by the quantization axis of the Hamiltonian Hw. Here, we analyze the transformation of the spin under a change of
basis to a rotated frame O′. We remind the reader that under an active transformation, (a rotation of the physical system an angle
α around de unit vector ~v keeping the coordinates unchanged) a state |ψ〉 = (ac†↑ + bc
†
↓)|0〉), becomes R~v(α)|ψ〉, where the SU(2)
matrix R~v(α) is
R~v(α) = cos
(
α
2
)
− i sin
(
α
2
)
~v · ~σ. (S1)
If, instead, the physical system is fixed and the rotation is applied to the coordinate system O to transform it to O′, the state in
the new basis is |ψ′〉 = R−1
~v
(α)|ψ〉. Inverting the previous transformation we obtain for the creation operators
c
†
↑ =
(
cos
(
α
2
)
+ e−i
α
2 vz
)
(c′↑)
† + sin
(
α
2
) (
vy − ivx
)
(c′↓)
†
c
†
↓ = − sin
(
α
2
) (
vy + ivx
)
(c′↑)
† +
(
cos
(
α
2
)
+ vze
i α
2
)
(c′↓)
†, (S2)
where v j is the component of ~v in the direction j. Replacing this transformation in Eq. (4) of the main text we obtain the
expression of the creation component of the MZM in the rotated frame O′:
γ†ν = e
iδν
[
A(c′↑)
† + B(c′↓)
†] ,
A = cos
(
θν
2
) (
cos
(
α
2
)
+ e−i
α
2 vz
)
− eiϕν sin
(
θν
2
)
sin
(
α
2
) (
vy + ivx
)
,
B = cos
(
θν
2
)
sin
(
α
2
) (
vy − ivx
)
+ eiϕν sin
(
θν
2
) (
cos
(
α
2
)
+ vze
i α
2
)
. (S3)
Expressing γ†ν in the same form as Eq. (4) of the main text we get
γ†ν = e
iδ′ν
[
cos
(
θ′ν
2
)
(c′ν↑)
† + eiϕ
′
ν sin
(
θ′ν
2
)
(c′ν↓)
†
]
, (S4)
from where the parameters in the frame O′ can be obtained. Writing A = |A|eiξν , it is clear that δ′ν = ξν + δν being
ξν = arctan
(
ImA
ReA
)
= arctan
 − cos(
θν
2
) sin( α
2
)vz − sin(ϕν) sin( θν2 ) sin( α2 )vy − cos(ϕν) sin( θν2 ) sin( α2 )vx
cos( θν
2
) cos( α
2
)(1 + vz) − cos(ϕν) sin( θν2 ) sin( α2 )vy + sin(ϕν) sin( θν2 ) sin( α2 )vx
 . (S5)
We see that in general, the phases δν transform in a non trivial way under rotations or a change in coordinates. Instead, as
expected, the directions ~nν (defined by θν and ϕν) transform as ordinary vectors. Comparing Eqs. (S3) and (S4) we see that
B/A = |B/A|eiϕ′ν or A¯B = |A¯B|eiϕ′ν (A¯ denotes the complex conjugate of A), and |A| = cos(θ′ν/2), from which θν and ϕν are easily
obtained:
θ′ν = 2 arccos(|A|) = 2 arctan(|B/A|). (S6)
ϕ′ν = arctan
(
Im(A¯B)
Re(A¯B)
)
, (S7)
2Derivation of Eq. (18)
In the main text, we evaluate the Josephson current through the connection between wires w1 and w2, with the parameters defined
with respect to a frame O′ with ~n2||~z′, being ~n2 the direction of the polarization of the MZM of the wire w2 that hybridizes with
the MZM of the wire w1 in the junction. The consequent expression for the Josephson current –see Eq. (16) of the main
text– depends on the Josephson phase φ, as well as on the phases δ′1 and δ
′
2 of the two hybridized MZMs, which depend on
the reference frame. Since we know the values of these phases, given the values of the parameters of the Hamiltonians for the
wires only when the latter are written in the reference frame O where ~nB||~z and ~nλ||~x –see Eq. (10)– we need to implement a
transformation between O′ andO. The concrete transformation is sketched in Fig. 1 of the main text. In the formalism described
above, this corresponds to a rotation R~v(α) that transformsO to O
′ such that R~v(α)~n2 = ~z. We choose ~v in the direction of ~n2 ∧~z,
so that it is perpendicular to both ~n2 and ~z, hence a positive rotation in the angle α = θ2 moves ~n2 to ~z. The components of the
unit vector ~v become vx = sin(ϕ2), vy = − cos(ϕ2), vz = 0.
Replacing these values in Eq. (S5) for ν = 2, we see that the numerator vanishes, and therefore ξ2 = 0, δ
′
2 = δ2. Instead for ν = 1
we obtain δ′1 = ξ1 + δ1, with
ξ1 = arctan
 sin (ϕ1 − ϕ2)
cot
(
θ1
2
)
cot
(
θ2
2
)
+ cos (ϕ1 − ϕ2)
 . (S8)
Combining the δ′2 − δ′1, we get Eqs. (17) and (18) of the main text, with ξ1,2 ≡ ξ1, given above.
SU(2) invariance of d12
In this section we prove the SU(2) invariance of the quantity
d12 = δ1 − δ2 − ξ1,2, ξ1,2 = arctan
 sin (ϕ1 − ϕ2)
cot
(
θ1
2
)
cot
(
θ2
2
)
+ cos (ϕ1 − ϕ2)
 , (S9)
mod(π) for any two fermions of the form of Eq. (4) of the main text [same as Eq. (S4) without the superscript prime]. The fact
that the quantity is defined mod(π) means that the branch and discontinuities of the arctan are unimportant. The invariance of
d12 is expected, since in the particular case discussed in Section , it enters the equation of the Josephson current through φ
′ [see
Eqs. (17) of the main text] and the current is an observable. Here, we prove it explicitly for the general case.
As is well known, any SU(2) rotation can be obtained by composing infinitesimal rotations around three mutually perpendicular
axis and the generators of these rotations (iσx, iσy and iσz in Section ) form a basis of the Lie algebra of the group. Two
generators are enough for our purposes because the third one is the commutator of the other two times a factor. The invariance
of d12 under any rotation around z immediately verified since θ1 and θ2, as well as δ1 − δ2 and ϕ1 − ϕ2 are unchanged under
this transformation. Therefore, it remains to prove that d12 is invariant under a rotation through an axis perpendicular to z. We
choose the y axis in a reference frame with ϕ2 = 0 to simplify the calculation (the axis forming an angle π/2+ ϕ2 with the x axis
in the original reference frame).
We use the results of Section for ~v = ~y, ϕ2 = 0 and α → 0 to linear order in the differential dα of the angle of the rotation.
In particular we replace cos(α/2) ≃ 1 and sin(α/2) ≃ dα/2. From Eq. (S5) we obtain the change in the phase under the
infinitesimal rotation, dδν = δ
′
ν − δν,
dδν = d arctan(δν) = −
dα
2
sin(ϕν) sin(
θν
2
)
cos( θν
2
)
. (S10)
Evaluating explicitly for ν = 1, 2 this equation reads
dδ1
dα
= −1
2
tan
(
θ1
2
)
sin(ϕ1),
dδ2
dα
= 0. (S11)
From Eqs. (S3) and (S6) we get
cot
(
θ′ν
2
)2
= cot
(
θν
2
)2 1 − tan( θν
2
) cos(ϕν)dα
1 + cot( θν
2
) cos(ϕν)dα
= cot
(
θν
2
)2 (
1 − cos(ϕν)dα
(
tan
(
θν
2
)
+ cot
(
θν
2
)))
(S12)
3d cot
(
θν
2
)2
= − cot
(
θν
2
)2 (
tan
(
θν
2
)
+ cot
(
θν
2
))
cos(ϕν)dα. (S13)
Using that for any function r, dr2 = 2rdr we obtain
d cot(θ1/2)
dα
= −cos(ϕ1)
2
(
1 + cot
(
θ1
2
)2)
(S14)
d cot(θ2/2)
dα
= −1
2
(
1 + cot
(
θ2
2
)2)
(S15)
The change of the angles dϕν = ϕ
′
ν − ϕν are obtained using Eqs. (S3) and (S7)
tan(ϕ′ν) =
sin(ϕν) sin(
θν
2
) cos( θν
2
)
cos(ϕν) sin(
θν
2
) cos( θν
2
) + (cos( θν
2
)2 − sin( θν
2
)2) dα
2
(S16)
d tan(ϕi) = −
dα sin(ϕi)
2 cos(ϕi)2
(
cot
(
θi
2
)
− tan
(
θi
2
))
. (S17)
Using d tan(r) = (1 + tan(r)2)dr
dϕ1
dα
= − sin(ϕ1)
(
cot
(
θ1
2
)
− tan
(
θ1
2
))
,
dϕ2
dα
= 0. (S18)
The remaining task to prove that dd12/dα = 0 is to derive ξ1,2 = arctan(q), where
q =
sin(ϕ1)
cos(ϕ1) + cot(
θ1
2
) cot( θ1
2
)
(S19)
To simplify the algebra we use the notation c = cos (ϕ1), s = sin (ϕ1) and xi = cot (θi/2) . With this notation the equations (S14),
(S15), (S18) and (S19) become
dx1
dα
= − c
2
(
1 + x21
)
,
dx2
dα
= −1
2
(
1 + x22
)
,
dϕ1
dα
= − s
2
(
x1 −
1
x1
)
, q =
s
c + x1x2
=
s
h
. (S20)
Differentiating the last expression we get
dq
dα
=
c
dϕ1
dα
h
−
s
(
−s dϕ1
dα
+
dx1
dα
x2 + x1
dx2
dα
)
h2
=
dϕ1
dα
+ cx1x2
dϕ1
dα
− s
(
dx1
dα
x2 + x1
dx2
dα
)
h2
(S21)
and replacing Eqs. (S20) above, we obtain
dq
dα
=
s
2x1
1 + 2cx1x2 + x
2
1x
2
2
h2
(S22)
On the other hand, from Eq. (S19)
dξ1,2
dα
=
dq
dα
1 + q2
, with 1 + q2 = 1 +
s2
h2
=
1 + 2cx1x2 + x
2
1x
2
2
h2
, (S23)
and using Eq. (S22) we obtain
dξ1,2
dα
=
s
2x1
=
sin(ϕ1)
2 cot (θ1/2)
. (S24)
Finally, differentiating Eq. (S9) and expressing it as
dd12
dα
=
dδ1
dα
− dδ2
dα
+
dξ1,2
dα
, (S25)
and substituting Eqs. (S11), (S19), and (S24) we get the desired result
dd12
dα
= 0. (S26)
4STRUCTURE OF THEMAJORANA STATES IN SOME LIMITING CASES
Solution for dominant spin-orbit coupling with ~nB ≡ ~x and ~nλ ≡ ~z
We apply the formalism of Section to the exact solution of the continuum version of the model of Eq. (1) of the main text,
calculated in Ref. [S5]. A very simple expression was found for the left and right MZMs in the region of parameters where the
spin-orbit coupling dominates, assuming ∆ > 0, λ ≫ t, B > ∆, µ ∼ 0 (equivalent to µ ∼ −2t in the lattice version). From there,
we can easily examine the properties summarized in Eqs. (6) to (8) of the main text. The solution, as expressed in Ref. [S5]
reads
ηL =
1
2
(
ψL,↑ − iψL,↓ + iψ†L,↓ + ψ†L,↑
)
, ηR =
1
2
(
ψR,↑ + iψR,↓ − iψ†R,↓ + ψ†R,↑
)
, (S27)
where the labels L,R in the field operators indicate that they are evaluated at spacial coordinates corresponding the the L,R ends,
respectively. In order to make an explicit comparison to Eqs. (7) and (8), we need to perform a rotation of = π/2 around the y-
axis, corresponding to α = −π/2 and ~v = (0, 1, 0) in Eq. (S2), and a change in the sign of λ which changes the sign of both δ and
φ (see Ref. 53 of the main text). Under these transformations, the above operators transform to
γ′L = e
iπ/4
(
ψ′L,↑ − iψ′L,↓
)
, γ′R = e
−iπ/4 (ψ′R,↑ + iψ′R,↓) , (S28)
in full agreement with Eqs. (7) and (8) of the main text.
Solution for dominant magnetic field, B≫ ∆ ≫ λ with ~nB ≡ ~z and ~nλ ≡ ~x
In this Section, we obtain analytically the zero-energy modes at the ends of a finite long chain for 0 < λ ≪ ∆ ≪ t < B and
µ ∼ −B. We start with the Hamiltonian Eq. (9) of the main text, which to linear order in λ/B takes the form
H =
∑
k,s=+,−
(−2t cos k − µ) d†
ks
dks − B
∑
k
(d†
k+
dk+ − d†k−dk−) +
∑
k
∆S d†k+d†−k− − ∆T sin k ∑
s=+,−
d
†
ks
d
†
−ks + H.c.
 , (S29)
with ∆S = ∆ and ∆T = λ∆/B. Transforming Fourier to Wannier functions localized at any site j, d
†
js
=
∑
k e
i jkd
†
ks
/
√
N, the
Hamiltonian becomes
H = −t
∑
j,s=+,−
(d†
js
d j+1s + H.c.) − B
∑
j
(d†
j+
d j+ − d†j−d j−) +
∑
j
∆S d†j+d†j− + i∆T ∑
s=+,−
d
†
j+1s
d
†
js
+ H.c.
 . (S30)
For later use we note that in the real-space basis, to linear order in λ/B the transformation introduced in the main text to define
Eq. (9) from Eq. (1) reads
d
†
j+
= c
†
j↑ −
iλ
2B
(
c
†
j+1↓ − c†j−1↓
)
, d†
j− = c
†
j↓ +
iλ
2B
(
c
†
j+1↑ − c†j−1↑
)
. (S31)
In order to eliminate the imaginary unit in the coefficient i∆T of the triplet superconductivity in Eq. (S30) we define
d˜
†
j+
= eiπ/4d
†
j+
, d˜†
j− = e
−iπ/4d†
j− (S32)
and the triplet superconducting term takes the form ∆T
∑
j(d˜
†
j+1+
d˜
†
j+
− d˜†
j+1−d˜
†
j− + H.c.).
We obtain the solutions with zero energy of Eq. (S30) for a finite long chain of N sites using the method of Alase et al. [S55, S56]
in the form used previously by some of us.[S57] As in the Nambu formalism, the operators are mapped to one particle states,
using the following notation
d˜ js ↔ | js1〉, d˜†js ↔ | js2〉. (S33)
The desired solutions are linear combinations of states of the form (not normalized)
|zsi〉 =
N∑
j=1
z j−1| jsi〉, s = ±, i = 1, 2, (S34)
5where z is a complex number with |z| < 1 (> 1) for the Majorana zero mode localized at the left (right) of the chain. Since
both modes are related by symmetry we focus here on the left mode only. The possible values of z are obtained from the bulk
equation PB(H −E)|ψ〉 = 0, where in our case E = 0 and PB =
∑N−1
j=2
∑
si | jsi〉〈 jsi|. In the basis |z,+, 1〉, |z,+, 2〉, |z,−, 1〉, |z,−, 2〉,
the matrix PBH takes the form
PBH =

−a −b 0 ∆S
b a −∆S 0
0 −∆S −a + 2B b
∆S 0 −b a − 2B
 , a = µ + B + t
(
z +
1
z
)
, b = ∆T
(
z − 1
z
)
(S35)
and its determinant is
Det(PBH) = (a
2 − b2)
[
(a − 2B)2 − b2
]
−
[
2a(2B− a) + 2b2
]
∆2S + ∆
4
S . (S36)
To linear order in ∆S /B, we can neglect ∆S above and the four roots zk of Det(PBH) = 0 with |zk | < 1 and the corresponding
coefficients of the eigenvectors |ek〉 =
∑
si β
k
si
| jsi〉, for µ′ = µ + B≪ t are
z1 = ic −
µ′
2(t + ∆T )
, β1+1 = β
1
+2 =
1√
2
, β1−1 = β
1
−2 = 0, c =
√
t − ∆T
t + ∆T
,
z2 = z¯1 = −ic −
µ′
2(t + ∆T )
, β2si = β
1
si,
z3 =
2B − µ′
2(t + ∆T )
−
√(
2B − µ′
2(t + ∆T )
)2
− t − ∆T
t + ∆T
, β3+1 = β
3
+2 = 0, β
3
−1 = β
3
−2 =
1√
2
,
z4 =
2B − µ′
2(t − ∆T )
−
√(
2B − µ′
2(t − ∆T )
)2
− t + ∆T
t − ∆T
, β3+1 = β
3
+2 = 0, -β
3
−1 = β
3
−2 =
1√
2
. (S37)
The zero mode state has the form | f 〉 = ∑k αk |ek〉, and the coefficients are obtained from the boundary equation, which in our
case takes the form P1H| f 〉 = 0, where P1 =
∑
si |1si〉〈1si|. It is easy to see that the form of the matrix P1H is similar to Eq.
(S35) without the terms in 1/z (due to the fact that there are no sites at the left of site 1), and z replaced by zk. Taking for the
basis state |b〉, the four states |z,+, 1〉, |z,+, 2〉, |z,−, 1〉, |z,−, 2〉, 〈b|P1H| f 〉 = 0 imply∑
k
[
− (µ′ + tzk) βk+1 − ∆T zkβk+2 + ∆S βk−2]αk = 0,∑
k
[
∆T zkβ
k
+1 +
(
µ′ + tzk
)
βk+2 − ∆S βk−1
]
αk = 0,∑
k
[
−∆S βk+2 +
(
2B − µ′ − tzk
)
βk−1 − ∆T zkβk−2
]
αk = 0,
∑
k
[
∆S β
k
+1 + ∆T zkβ
k
−1 −
(
2B − µ′ − tzk
)
βk−2
]
αk = 0. (S38)
Using Eqs. (S37) and calling
C12 = ∆S (α1 + α2) , C3 = 2B − µ′ − tz3 − ∆T z3, C4 = 2B − µ′ − tz4 + ∆T z4, (S39)
the last two Eq. (S38) can be written as
−C12 + C3α3 −C4α4 = 0,
C12 − C3α3 −C4α4 = 0. (S40)
The solution of this equation is
α4 = 0, α3 =
C12
C3
, C3 = B −
µ′
2
+
√(
B − µ
′
2
)2
− t2 + ∆2
T
, (S41)
where the expression of C3 has been obtained using Eqs. (S37) and (S39). From Eqs. (S37), (S39), and (S41) it is easy to see
that the contribution of α3 and α4 to the first two Eqs. (S38) is either of order ∆
2
S
or zero. Therefore, it can be neglected to first
order in ∆S leading to
2∑
k=1
(
µ′ + tzk + ∆T zk
)
αk = 0. (S42)
6Using the expressions for zk, the solution can be written in the form
α1 =
eiω√
2
, α2 =
e−iω√
2
, ω = arctan
[
(t + 2∆T ) µ
′
2(t + ∆T )c
]
. (S43)
Using | f 〉 = ∑k αk |ek〉, |ek〉 = ∑si βksi| jsi〉, Eqs. (S32), (S33), (S34), (S37), (S41), and (S43), we obtain the final expression of
the Majorana zero mode at the left end of the chain (except for a normalization factor)
ηL =
N∑
j=1
[
Re(eiωz
j−1
1
)
(
eiπ/4d
†
j+
+ e−iπ/4d j+
)
+
∆S cosω
C3
z
j−1
3
(
e−iπ/4d†
j− + e
iπ/4d j−
)]
. (S44)
The amplitude of the mode is maximum at the first site and decreases exponentially for sites inside the chain with different decay
rates for spin + and −.
In order to make contact to Eqs. (7) and (8) , we need to express ηL in terms of the operators c j,σ of the original model. To this
end, we introduce the representation of Eqs. (S31) in to Eq. (S44) and focus on the limit λ→ 0. The projection of Eq. (S44) on
the first site of the lattice reads ηL = γL + γ
†
L
with
γ†
L
∼ eiπ/4
[
c
†
1,↑ +
∆S
C3
e−iπ/2c†
1,↓
]
. (S45)
We see that this solution has the structure of Eq. (4) with
δL = π/4, ϕL = −π/2, tan(θL/2) =
∆S
C3
+ O(
λ
B
) (S46)
The results for δL and ϕL are valid for any value of the parameters in the topological phase with ∆, t > 0 and µ < 0, with ~nB ≡ ~z,
~nλ ≡ ~x, and are in full agreement with the result of the continuum model discussed in Section . The value of θL is however very
sensitive to the values of the parameters of the Hamiltonian. As explained in the main text, our goal is to show that this angle
can be inferred from the behavior of the Josephson current in suitably designed junctions.
In contrast to δL and ϕL (obtained for ~nB||~z and ~nλ||~x), θ depends on the site. As a consequence for other directions of ~nB and ~nλ (or
other systems of coordinates), δL and ϕL also depend on the site, since their transformation properties depend on θ. Nevertheless
for the calculation of the Josephson current we are only interested in the first and the last site of the chain.
NUMERICAL CALCULATION OF THE JOSEPHSON CURRENT
The Hamiltonian of the system describing two wires and a Josephson junction is
H(φ) = Hw1 + Hw2 + Hc(φ), Hc = tc
∑
σ=↑,↓
(
eiφ/2c
†
1R,σ
c2L,σ + H.c.
)
, (S47)
where Hwi, i = 1, 2, describe two topological superconducting wires, w1 at the left of w2, described by Eq. (1) of the main text,
and with a difference φ = φ1 − φ2 between the superconducting phases, with φ = 2π corresponding to one superconducting flux
quantum. The subscript 1R (2L) indicates the last (first) site of w1 (w2). Denoting as N1 =
∑
js c
†
1, js
c1, js the operator of total
number of particles of w1, the current flowing through the junction from left to right is
J(φ) = 〈edNL
dt
〉 = 〈 ie
~
[N1,H]〉 = −
etc
~
∑
σ
Im
[
eiφ/2
〈
c
†
1Rσ
c2Lσ
〉]
. (S48)
The above expectation value can be numerically calculated given the eigenmodes of the Hamiltonian which correspond to
annihilation operators that satisfy [Γν,H] = λνΓν, with positive λν. The relevant part of these operators have the form
Γν =
∑
σ
[
Aν1Rσc
†
1Rσ
+ Aν2Lσc
†
2Lσ
+ Bν1Rσc1Rσ + B
ν
2Lσc2Lσ
]
+ ..., (S49)
where ... denotes the contribution of operators at site different from 1R and 2L. The coefficients are known from the numerical
diagonalization. Inverting Eq. (S49) we have
c
†
1Rσ
=
∑
ν
(
A
ν
1RσΓν + B
ν
1RσΓ
†
ν
)
, c2Lσ =
∑
ν
(
Aν2LσΓ
†
ν + B
ν
2LσΓν
)
. (S50)
7Replacing in Eq. (S48) and taking into account that in the ground state the only non vanishing expectation values of a product
of two Γν and/or Γ
†
ν′ operators is
〈
ΓνΓ
†
ν
〉
= 1, we obtain
J(φ) = −etc
~
Im
eiφ/2∑
νσ
Aν2LσA
ν
1Rσ
 . (S51)
An alternative expression can be derived from the numerical derivative with respect of the flux of the eigenvalues λν. This
simplifies the diagonalization procedure at the cost of introducing numerical errors in the differentiation.
Noting that only Hc depends on the flux, Eq. (S48) can be also related to the ground state energy Eg as follows
J(φ) =
d 〈H〉
dφ
=
tc
2
∑
σ
〈
ieiφ/2c
†
1R,σ
c2L,σ + H.c.
〉
=
2e
~
dEg (φ)
dφ
. (S52)
In turn, except for an additive constant, Eg can be calculated as half the sum of all positive eigenvalues of the Hamiltonian
matrix S =
∑
ν λν. The latter procedure can be justified by using symmetry arguments[S58] as follows. Considering the charge
conjugation operation C, acting as c†
i, jσ ↔ ci, jσ plus complex conjugation. It is easy to see that CHC = −H − 2µN, where
N = N1 + N2 is the total number of particles. Taking the number of particles as fixed 〈N〉, we can write this equation in the form
H˜′ = CH′C = −H′, H′ = H + µ 〈N〉, which can be considered as change of representation of the same states. Since both H˜′ and
H′ have the same many-body spectrum but inverted, the maximum energy of H′, which we denote as E′
M
and the ground state
E′g are related by E
′
M
= −E′g. On the other hand the state of maximum energy is obtained applying all the creation operators Γ†ν
to the ground state. Therefore E′
M
− E′g = S =
∑
ν λν, which leads to Eg = −
∑
ν λν
2
− µ 〈N〉. Hence,
J(φ) = − e
~
d
∑
ν λν
dφ
. (S53)
We have verified that the results of Eq. (S51) and (S53) coincide within numerical precision.
NUMERICAL CALCULATION OF δν, θν AND ϕν
The Majorana modes that enter the effective low-energy Hamiltonian Heff for the Josephson current [see Eqs. (12) and (13) of
the main text] have the form
ην = γ
†
ν + γν, γ
†
ν = aνe
iδν
[
cos(θν/2)c
†
e↑ + e
iϕν sin(θν/2)c
†
e↓
]
+ ..., (S54)
where aν is a real number that can be chosen positive, the subscript e refers to the site at the end of the chain (first or last) where
the Majoranamode is localized and ... refers to the contribution of other sites which are not important for Heff. The normalization
η2ν = 1 implies that a
2
ν ≤ 1 is the weight of the end site in the Majorana mode. Each fermionic operator γν can be expressed as a
combination of two Majorana operators ην and η˜ν of the form, γν = (ην + iη˜ν) /2, γ
†
ν = (ην − iη˜ν) /2, of which only ην contributes
at low energy, γ†ν ≃ ην/2.
For a finite chain, there is a effective mixing between the Majorana at the left (L) and right (R) end of the chain which by
hermiticity should be proportional to iηLηR. Therefore, the one-particle eigenstates of lowest absolute value correspond to the
fermions f = eiζ (ηL + iηR)/2 and f
† which diagonalize iηLηR. The phase ζ is unknown. Thus, for the end we are interested (L or
R) we can write, including explicitly only the operators related with that end
f = eiζ
′ ην
2
+ ... = Ac†
e↑ + Bce↑ + Cc
†
e↓ + Dce↓ + ... (S55)
where the coefficients at the right side are determined by the numerical calculation. Comparing with Eq. (S54) we see that the
parameters of ην can be obtained from the following equations
aν = 2
√(|A|2 + |C|2), δν = 1
2
arctan
(
Im[A/B]
Re[A/B]
)
, θν = 2 arctan
( |C|
|A|
)
, ϕν = arctan
(
Im[C/A]
Re[C/A]
)
. (S56)
The dependence of θν and aν with the parameters, obtained numerically as described above is shown in Fig. S1. Both determine
the coefficient tJ of the Josephson current. The amplitude a tends to zero at the borders of the topological region. Curiously, it
has a maximum for intermediate values of λ. The angle θ tends to 0 or π (depending on the sign of ~nB · ~z) when both λ and ∆
tend to zero as anticipated above.
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FIG. S1. Parameters θν (top panels) and aν (bottom panels) as a function of ∆ (λ) for several values of λ (∆) and t = 1, B = 4 µ = −3, ~nB ≡ ~z
and ~nλ ≡ ~x.
As explained in the main text, for perpendicular directions of the magnetic field and spin-orbit coupling, δν and ϕν can be
determined from symmetry arguments and analytical calculations. In particular, for ~nB||~z and ~nλ||~x,
δL = −δR =
π
4
, ϕL = −ϕR = −
π
2
. (S57)
In Fig. S2 we show how these parameters change when the orientation of the spin-orbit coupling ~nλ is rotated keeping it in the
xy plane. We can see that the absolute values of δν and φν increase, keeping δL = −δR and ϕL = −ϕR, as anticipated in the main
text by symmetry arguments.
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FIG. S2. Parameters δν (top panel) and φν (bottom panel) as a function of the angle between the magnetic field and spin-orbit coupling for
t = 1, B = 4, ∆ = λ = 2, µ = −3, ~nλ ≡ ~x, and ~nB ≡ ~z in the xz plane.
